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Abstract
In the present work we develop an algorithm for calibrating MEMS
sensors, which accounts for the nonorthogonality of the accelerometers’
axis, as well as for the constant bias and scaling errors. We derive
an explicit formula for computing the calibrated acceleration, given
data from the sensors. We also study the error, that is caused by the
nonorthogonality of the axis.
1 Introduction
Nowadays, systems, using microelectromechanical systems (MEMS) sensors
(e.g. accelerometers, gyroscopes, etc.) find more and more applications.
For instance, they are used for video stabilization, mobile applications and
many other things. Among the reasons for their wide use is the fact that
they are very cheap and have miniature size (usually less than 10x10x5 mm)
and consume little power. However, there are a lot of unexplored fields
(like navigation) where they could be used once the necessary mathematical
knowledge is developed. For further information, see for example [4].
In the present work we address MEMS accelerometers in particular. There
are many sources of error that affect their behaviour [4]. We develop an
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algorithm for calibrating the device, i.e. compensating for the constant bias
error (the offset of its output signal, when the device does not undergo any
acceleration), scaling errors (the deviation of the accelerometer’s scale from
the unit we want to use, like m/s2) and nonorthogonality of the axis.
We have a system, consisting of three accelerometers, that measure the
linear acceleration in three “almost” orthogonal directions. We shall assume
that the angle between each two of those directions is 90◦ ± 2% [5]. The
relationship between accelerometer’s outputs and the measured acceleration
can be well modeled as a linear function [1]. In Section 2 we present the
calibration algorithm. Similar approach to the problem is proposed, e.g., in
[2], [3] (see also the references within those papers). There a six-parameter
and a nine-parameter linear models are developed for calibrating the device.
Both of those approaches use an orthogonal coordinate system, with respect
to which the corresponding analysis is carried. We study the problem by
working in the coordinate system defined by the directions in which the
accelerometers measure linear acceleration. We find this to be the more
natural way and, thus, simplifying the analysis. Also, an usual thing to do
is to approximate the sine and the cosine functions of small angles with the
respective angles (which leads to the linearity of the aforementioned models).
We do not use this approximation in order to obtain maximal accuracy in
the model.
In Section 3 we study computationally the error that can be caused by
not considering the non-orthogonality of the axis. We show that even small
deviations in the directions of the accelerometers can lead to catastrophic
error in the estimated position of the body within a few seconds of integrating.
2 Mathematical Model
Let aˆx, aˆy and aˆz be the real values that the accelerometers show and ax, ay
and az be the corresponding calibrated values of the acceleration in the x, y
and z directions, respectively, with ~e1, ~e2 and ~e3 being unit vectors in those
directions. We use the following model to calibrate the accelerometers [1]:
ax = (aˆx − s1)/b1
ay = (aˆy − s2)/b2
az = (aˆz − s3)/b3
, (1)
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where s1, s2, s3 (which we call shifts) and b1, b2, b3 (which we call scaling
coefficients) are yet to be determined. In matrix form (1) can be written as axay
az

︸ ︷︷ ︸
a
=
 1/b1 0 00 1/b2 0
0 0 1/b3

︸ ︷︷ ︸
T
 âxây
âz

︸ ︷︷ ︸
â
−
 s1/b1s2/b2
s3/b3

︸ ︷︷ ︸
s
.
Using the introduced notation, we obtain the equation
a = T â− s (2)
Proposition 1. If we assume that the axis of the accelerometers are orthog-
onal, then the acceleration is
aorth :=
√
a2x + a
2
y + a
2
z
Proof. The proof is obvious, using the fact that the sum of the squares of
the directional cosines is 1.
Since the axis are not orthogonal, let us denote the angles between the
axis as follows (see Fig.1):
φ := 6 (Ox,Oy), ψ := 6 (Ox,Oz), θ := 6 (Oy,Oz) (3)
Let ~a be an arbitrary acceleration acting on the sensor. Let ax, ay and az
be the affine projections of ~a onto the x, y and z axis, respectively. It is
important to note that the measured values1 of the acceleration in the x,
y and z directions are not the affine projections of ~a onto the axis. Let us
denote (see Fig.1)
α := 6 (~a, ~e1), β := 6 (~a, ~e2), γ := 6 (~a, ~e3)
It can be easily seen that the following Lemma holds true:
Lemma 1. The equations
ax = ‖~a‖cosα
ay = ‖~a‖cos β
az = ‖~a‖cos γ
(4)
are valid.
1For the time being, let us think that the accelerometeres measure correctly, i.e. ax,
ay and az are the measured values from the accelerometers.
3
e⃗1
e⃗2
e⃗3
a⃗
α
β
γ
ψϕ
θ
Figure 1: Acceleration vector in the affine coordinate system
We want to express the affine projections ax, ay and az of ~a onto the
coordinate axis with ax, ay and az.
Lemma 2. For the affine projections of the acceleration ax, ay and az the
following equalities hold true:
ax =
− sin2 θax + (cosφ− cos θ cosψ)ay + (cosψ − cosφ cos θ)az
−1 + cos2 φ+ cos2 ψ + cos2 θ − 2 cosφ cosψ cos θ
ay =
(cosφ− cos θ cosψ)ax − sin2 ψay + (cos θ − cosφ cosψ)az
−1 + cos2 φ+ cos2 ψ + cos2 θ − 2 cosφ cosψ cos θ
az =
(cosψ − cosφ cos θ)ax + (cos θ − cosφ cosψ)ay − sin2 φaz
−1 + cos2 φ+ cos2 ψ + cos2 θ − 2 cosφ cosψ cos θ
(5)
Proof. We have
~a = ax~e1 + ay ~e2 + az ~e3, (6)
where ~e1, ~e2 and ~e3 are the unit vectors in the x, y and z directions, respec-
tively. Consecutively, we take the scalar products of the both sides of (6)
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with ~e1, ~e2, ~e3 and obtain:
(~a, ~e1) = ax + ay cosφ+ az cosψ
(~a, ~e2) = ax cosφ+ ay + az cos θ
(~a, ~e3) = ax cosψ + ay cos θ + az
(7)
Taking into account (4) we obtain 1 cosφ cosψcosφ 1 cos θ
cosψ cos θ 1
 axay
az
 =
 axay
az
 (8)
We solve the system (8) and obtain (5).
Remark 1. Let us note that the system (8) has diagonally dominant matrix
and, therefore, it has a unique solution.
Remark 2. In matrix form, equations (5) can be rewritten as
a = Ta,
where:
a =
 axay
az
 , T = 1
den
 − sin2 θ cosφ− cos θ cosψ cosψ − cosφ cos θcosφ− cos θ cosψ − sin2 ψ cos θ − cosφ cosψ
cosψ − cosφ cos θ cos θ − cosφ cosψ − sin2 φ
 ,
den = −1 + cos2 φ+ cos2 ψ + cos2 θ − 2 cosφ cosψ cos θ, a =
 axay
az

Lemma 3. For the acceleration anonorth the following holds true
anonorth =
√
ax
2 + ay
2 + az
2 + 2axay cosφ+ 2axaz cosψ + 2ayaz cos θ. (9)
Proof. Taking a = anonorth = (ax, ay, az) in (6) and taking the scalar squares
of both sides, we obtain
(anonorth, anonorth) = ax
2+ay
2+az
2+2axay(~e1, ~e2)+2axaz(~e1, ~e3)+2ayaz(~e2, ~e3),
where ~e1, ~e2, ~e3 are the unit vectors along the axis. Taking into account (3),
(9) follows directly.
We substitute (5) into (9) and simplify to obtain the following:
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Proposition 2. The equality
anonorth =
√
numerator
denominator
, (10)
where
numerator =2(−1 + 1 cos 2θ)a2x + 2(−1 + 1 cos 2ψ)a2y + 2(−1 + 1 cos 2φ)a2z
+ 8(cosφ− cosψ cos θ)axay + 8(cos θ − cosφ cosψ)ayaz
+ 8(cosψ − cosφ cos θ)axaz;
denominator =2 + 2 cos 2φ+ 2 cos 2ψ + 2 cos 2θ − 8 cosφ cosψ cos θ
holds true.
Now we are ready to explain the algorithm for estimating the shifts and
the scaling coefficients in (1). When at rest the sensor should measure the
gravitational acceleration g. Therefore, from Proposition 2 it follows that
g = anonorth,
where anonorth is defined by (10). We substitute (1) in anonorth and obtain
anonorth(s1, s2, s3, b1, b2, b3, φ, ψ, θ). We use a least-squares fit to find the val-
ues for s1, s2, s3, b1, b2, b3, φ, ψ, θ.
3 Expressing the Linear Acceleration in an Or-
thonormal System
In this section we shall derive an explicit expression for the calibrated values
of the acceleration in an orthonormal cooridnate system, given the data,
measured by the sensors.
Proposition 3. Let ~e1, ~e2, ~e3 be the unit vectors in the directions, defined by
the accelerometers’ axis. Let us introduce an orthonormal coordinate system
O ~f1, ~f2, ~f3, where
~f1 ≡ ~e1, ~f2 is in the ~e1~e2 plane. Then the following equality
is valid:  ~e1~e2
~e3
 = T orth
 ~f1~f2
~f3
 , (11)
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where
T
orth
=

1 cosφ cosψ
0 sinφ
cos θ − cosφ cosψ
sinφ
0 0
√
1− cos2 φ− cos2 ψ − cos2 θ + 2 cosφ cosψ cos θ
sinφ

(12)
Proof. Let us denote (see Fig. 2)
ξ := 6 (~e3, ~f2), η := 6 (~e3, ~f3).
e⃗2
e⃗3
f⃗ 2
∣90o−ϕ∣
ψ
ϕ
θ
f⃗ 3
η ξ
e⃗1≡ f⃗ 1
Figure 2: Orthonormal coordinte system
Since ~f2 lies in the ~e1~e2 plane and ~f1 ≡ ~e1 we have the relationship
~e2 = b1 ~f1 + b2 ~f2, (13)
where b1 and b2 are real numbers. By taking the inner product of (13)
successively with ~f1 and ~f2 we obtain
b1 = cosφ, b2 = cos|90◦ − φ|= sinφ
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Therefore, we have
~e2 = cosφ~f1 + sinφ~f2
and, thus,
~f2 = −cosφ
sinφ
~e1 +
1
sinφ
~e2. (14)
Analogously, we obtain
~e3 = cosψ~f1 + cos ξ ~f2 + cos η ~f3,
By taking into account (14), we obtain
cos ξ =
〈
~e3, ~f2
〉
=
〈
~e3,−cosφ
sinφ
~e1 +
1
sinφ
~e2
〉
= −cosφ
sinφ
cosψ +
cos θ
sinφ
=
cos θ − cosφ cosψ
sinφ
.
Furthermore, since ~e3 is a vector in the orthonormal coordinate systemO ~f1 ~f2 ~f3
and the angles with the axis being ψ, ξ and η, respectively the following holds
true:
cos2 η + cos2 ξ + cos2 ψ = 1
cos η =
√
1− cos2 ξ + cos2 ψ
=
√
1− cos2 φ− cos2 ψ − cos2 θ + 2 cosφ cosψ cos θ
sinφ
Let us note, that we have used the fact that η is small angle and, therefore,
cos η > 0.
Corollary 1. Let us have an arbitrary acceleration ~a with coordinates in the
affine coordinate system O ~e1 ~e2 ~e3, defined by the accelerometers’ axis, ax, ay,
az, respectively. Let the corresponding coordinates in the O ~f1 ~f2 ~f3 coordinate
system (defined as in Proposition 3) be axorth, ayorth and azorth. Then we
have  axorthayorth
az
orth
 = T orth
 axay
az
 , (15)
where T orth is defined as (12).
Let us denote
aorth :=
 axorthayorth
az
orth
 , a :=
 axay
az
 .
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Furthermore, let is take into account (2), Remark 2 and Corollary 1 and
the notation, introduced in those. Then we obtain the following important
result:
Theorem 1. Let âx, ây and âz be the values shown by the accelerometers at a
certain time and axorth, ayorth and azorth be the coordinates of the correspond-
ing acceleration in the orthonormal coordinate system, defined in Proposition
3. Then the following holds true:
aorth = T
orth
TT â− T orthTs.
4 Estimates for the Error Due to Nonorthogo-
nality
We want to evaluate what is the error that can be caused by not considering
the nonorthogonality of the axis. Let us denote
err(ax, ay, az, φ, ψ, θ) := |anonorth − aorth|.
Since in the calibration procedure we use the fact that when the accelerome-
ters are at rest, then the only acceleration that they measure is due to gravity,
we consider the following extremal problem:
Problem 1.
err(ax, ay, az, φ, ψ, θ) −→ max,
anonorth = g,
0.98pi ≤ φ, ψ, θ ≤ 1.02pi,
(16)
where g is the gravitational acceleration.
Let us note that the restrictions for φ, ψ, θ are imposed because of the
up to 2% nonorthogonality of the axis.
By solving this problem numerically, we obtain the estimate of the max-
imal error
max err(ax, ay, az, φ, ψ, θ) ≈ 0.3130299 m/s2
This value is reached, for example at
ax = ay = az ≈ 5.48114, φ = ψ = θ ≈ 1.60221
Next, we want to give an estimate for the upper bound of the relative
error that can be reached when the accelerometer measures an arbitrary ac-
celeration. We assume consecutively that in each direction the accelerometer
can measure acceleration up to ±4g, ±8g, ±16g. In all the cases the estimate
is approximately the same.
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Problem 2. ∣∣∣∣anonorth − aorthanonorth
∣∣∣∣ −→ max,
− 16g ≤ ax, ay, az ≤ 16g,
0.98pi ≤ φ, ψ, θ ≤ 1.02pi,
(17)
The numerical solution of this extremal problem is approximately 3.192%.
Next, we present a histogram which represents the distribution of the
relative error for values of φ, ψ, θ, respectively 1.53938, 1.60221, 1.60221,
which are the estimated with the calibration procedure values for the sensor
used in the tests (see Fig.3).
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Figure 3: Distribution of the relative error
In order to be able to understand the ”jump” in the histogram (Fig.3), we
present geometrically the domains in R3 where the relative error is respec-
tively ≤ 1.4%, ≥ 1.4%„ ≤ 1.6%, ≥ 1.6% (see Fig.4). We assume again that
φ, ψ, θ are, respectively 1.53938, 1.60221, 1.60221, and ax, ay, az lie in the
interval [−20, 20].
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(a) relative error ≤ 1.4% (b) relative error ≥ 1.4%
(c) relative error ≤ 1.6% (d) relative error ≥ 1.6%
Figure 4: Domains in R3 for the relative error
5 Conclusion
We have derived an explicit formula for the linear acceleration, given the
values of the accelerometers and the angles between the axis of the sensors.
We have explained how one can find an approximation of those angles and
the shifts and scaling coefficients, given some measurements of the sensors,
when the system does not undergo any acceleration. We have run some
numerical experiments in order to understand better the error, caused by
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the nonorthogonality of the axis.
Future work on the topic could include studying the error with which the
calibration parameters are evaluated with the procedure that we propose.
Also, the optimal positions in which the calibration data is to be collected,
should be determined. Probably, more investigation on the errors can give
some insights about those positions.
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